We consider the steady-state analysis of a pinned elastic plate lying on the free surface of a thin viscous fluid, forced by the motion of the bottom substrate moving at constant speed. A mathematical model incorporating elasticity, viscosity, surface tension, and pressure forces is derived, and consists of a third-order Landau-Levich equation for the thin film, and a fifth-order beam equation for the plate. A numerical and asymptotic analysis is presented in the relevant limits of the elasticity and Capillary numbers. We demonstrate the emergence of boundary-layer effects near the ends of the plate, which are likely to be a generic phenomenon for singularly perturbed elastocapillary problems.
Introduction
We study the steady-state configuration of a finite elastic plate that lies on top of a thin viscous fluid. The plate is fixed and pinned to a fluid reservoir at one end, and the system is forced into motion by a bottom solid substrate moving to the right at constant speed ( Figure 1 ). The present problem is a paradigm for a wide range of elastocapillary and fluid-structure interaction flows, where competing effects of elasticity, viscosity, surface tension, and fluid pressure, can all play a role in determining the configuration of the plate.
In a companion work by Trinh, Wilson, and Stone (2014b) (henceforth written as TWS), an analogous study was presented for a similar situation involving a rigid plate (notably a pinned or free-floating plate on a thin film). There, it was noted by the authors that, even for this apparently simple scenario, a variety of interesting analytical and numerical challenges arise. For instance, the governing nonlinear boundary value problem for the steady-state configuration can exhibit nonuniqueness, leading to a complicated bifurcation structure of the solution space. The TWS study also led to the realization that numerical solutions of these coupled fluid-structure elasticapillary problems can be rather difficult to obtain, and often require analytical guidelines established using asymptotic analysis (e.g. in the limits of large or small Capillary numbers).
Our main task in this work is to extend the TWS study to allow for an elastic and flexible plate, and to explore the theoretical and numerical properties of the proposed mathematical model in different physical limits. In doing so, not only do we recover many of the inherent challenges that appear in the former work, but we shall also encounter new difficulties that arise due to singular effects from the elasticity.
Let us introduce the mathematical model. In Sec. 2, we shall derive two equations that govern the behaviour of the plate-fluid system illustrated in Figure 1 . The first equation is a well known as the Landau-Levich equation: a third-order differential equation that describes the thin film profile, h(x), and is given by 1a) where h ∞ is the downstream height, and the non-dimensional quantity, δ 3 , is an inverse Capillary number [defined in (2.4)] representing the balance between surface tension and viscosity.
The second equation is a fifth-order Landau-Levich-like equation that describes the profile, H(x), of the elastic plate, 1b) and is effectively a linear beam equation with additional terms incorporating tension and pressure effects due to the underlying fluid. The quantity B 5 is a non-dimensional parameter representing the balance between plate rigidity and viscous effects [defined in (2.14) ]. The two equations, (1.1a) and (1.1b), are coupled together at the transition point, x = L, through continuity of the heights, as well as continuity of moment, shear, and pressure forces.
The subtleties inherent in the study of the coupled boundary value problem can be seen in the three subplots of Figure 1 , were we show a typical configuration at small values of the bending parameter (here B = 0.3). In this example, we see that although the combined height profiles, {H(x), h(x)}, are well behaved, their derivatives are not. Notably, in the first derivative, there is a jump condition at the end of the plate which incorporates the shear stresses, while for the second derivative we see the formation of boundary layers near the ends, x = 0 and x = L. In Sec. 4 we shall present a matched asymptotic analysis of the B → 0, ∞ limits, and a similar asymptotic analysis is performed in Sec. 5 for the δ → 0, ∞ limits.
Background
The Landau-Levich equation (1.1a) is a canonical equation in the study of coating and draining problems, and arises from consideration of steady-state solutions of thin film dynamics. It was originally derived by Landau & Levich (1942) and Derjaguin (1943) to describe the thin film coating a plate withdrawn from a bath, but variants of the same equation occur in many other contexts, including the propagation of long gas bubbles in a channel (Bretherton 1961) , the coating the inside of a rotating cylinder (Ashmore et al. 2003) , and the coating of fibres (Quéré 1999 ). We refer the readers to reviews by Oron et al. (1997) , Stone (2010), and De Gennes et al. (2004) .
In addition to their wide physical applicability, the Landau-Levich problem and its variations contain many challenging theoretical and numerical elements due to the nonlinearity of the differential equation. For instance, in studies of draining problems over a dry substrate, numerical works by e.g. Tuck & Schwartz (1990) and Moriarty et al. (1991) have emphasized the sensitivity of obtaining convergent steady-state solutions depending on the chosen numerical scheme. Still today, the full solution space of the Landau-Levich equation, subject to different boundary conditions, is not well understood due to the non-uniqueness of solutions (Snoeijer et al. 2008; Benilov et al. 2010; Ren et al. 20-) .
Our motivation for studying the fifth-order Landau-Levich-like equation (1.1b) stems from the recent interest in elastocapillary problems, where the goal is to better understand the interaction between an elastic solid and a fluid subject to the combined effects of viscosity and surface tension. Studies in this vein include the wetting of fibrous material (e.g. Bico et al. 2004 , Duprat et al. 2012 , Taroni & Vella 2012 , and Singh et al. 2014 , the buckling of floating elastic sheets (e.g. Hosoi & Mahadevan 2004 , Audoly 2011 , and Wagner & Vella 2011 , and the elastic drag-out problem (e.g. Dixit & Homsy 2013) .
More directly related to the pinned plate-fluid system we study in this paper are the works on blade coating, which were summarized in Table 1 of the companion work TWS. Previous work by, for example, Pranckh & Scriven (1990) , Iliopoulos & Scriven (2005) , Giacomin et al. (2012) , Seiwert et al. (2013) , proposed mathematical models for such systems, but simplifying assumptions were often used (e.g. neglecting surface tension, or simplified elasticity equations), which may not be valid in the regimes explored in our previous work.
Lastly, we emphasize that while the pinned system proposed in this work is a very particular blade-coating setup, we expect that many of the mathematical properties of our study, notably the boundary-layer phenomena exhibited in Figure 1 (c) will be widely applicable for fluid-elastic systems studied in their singular limits. These concerns were particularly highlighted in the previous work TWS, where we noted that in previous studies (e.g. Moriarty & Terrill 1996; Conway & Richman 1983) where free-floating problems were studied, authors were often unable to obtain solutions due to the complexity of the solution space, and singular perturbation effects. The solution of such fluid-structure interaction problems can be a delicate affair.
Mathematical formulation
Let us consider steady two-dimensional flow of a thin film of Newtonian fluid with constant density ρ, viscosity µ, and surface tension γ. The film lies on top of an rigid horizontal substrate, located atz = 0, that moves in the positivex direction with constant speed U . The free boundary of the liquid will be composed of two parts: first an elastic plate of projected length L lies alongz
and second, we assume an uncovered free surface given byz =h(x) forx > L. In this work, we will consider the case that the left edge of the plate is fixed at a heightH(0) =H 0 , and is hinged and free to rotate ( Figure 1 ). As we demonstrated in Trinh et al. (2014b) it is possible to study other variations of the boundary conditions (e.g. a fixed plate angle atx = 0, a second free surface forx < 0, and so forth) and indeed these may introduced further subtleties. The pressure and velocity of the fluid are denoted byp =p(x) andũ = (ũ(x,z),w(x,z)), respectively, and we assume that the atmosphere above the plate and the free surface is inviscid and at a uniform atmospheric pressure denoted by p a . We non-dimensionalise the variables according tõ
where =H 0 /L 1 is the aspect ratio of the film with respect to the height of the plate. To derive the equations governing the free surfaces, z = h(x), we apply the following boundary conditions on the solid and free surfaces: no slip and no penetration on the substrate: (u, w) = (1, 0) on z = 0, (2.3a)
no slip and no penetration on the plate: (u, w) = (0, 0) on z = H(x), (2.3b) normal stress on the free surface:
tangential stress on the free surface:
where we have defined an inverse capillary number
Lubrication theory now allows us to derive the Reynolds equation for the pressure gradient, 5) where h → h ∞ as x → ±∞. Substituting this result into the normal surface stress condition yields the Landau-Levich equation, on the elastic plate. LetT be the tension of the plate, and by balancing the horizontal forces we haveT =F 1 . Consideration of the surface tension, γ, at the end of the plate suggests a re-scaling ofT = γT , and we then have 
whereÑ is the transverse shear force. Applying conservation of angular momentum to a small surface element, we obtain the relation dM dx =Ñ (x), (2.10) between the moment,M =M (x), and the shear force. For small displacements, we assume the constitutive relationM 11) where B = EI is the bending stiffness, as related to the elastic modulus, E, and area moment of inertia, I. We now differentiate (2.9), substitute the constitutive relation (2.11), Reynolds equation (2.5),T = γ, and non-dimensionalizations to obtain the final equation governing the elastic plate,
where we have introduced the function 13) and the non-dimensional parameter 14) measuring the balance between the effects of bending stiffness and viscosity. Turning now to the boundary conditions at x = 0 and x = 1 for the plate, we recall that by the constitutive relation (2.11), the moment is proportional to the second derivative of H. Thus, the hinged and free ends satisfy
In light of the fact that the free surface exerts a tangential force due to surface tension at the end of the plate, x = 1, the moment-free condition above may not be entirely obvious. We shall return to discuss this condition in Sec. 2.2.
The next boundary condition follows from ensuring continuity of the normal shear forces at the end of the plate, x = 1. Examining Figure 2 , we see that a balance of shear stress at the ends implies the dimensional balance,
and using (2.10) and (2.11) gives the nondimensional form of the shear boundary condition:
We also require the pressure on the left to match the pressure of the reservoir, p 0 , and the pressure on the right to match the Laplace-Young pressure, −δ 3 h xx (1). Since the pressure underneath the elastic plate is given by (2.9) or alternatively the integral of (2.12), we have
Finally, we require additional details in regards to the far field boundary conditions as x → ∞. We linearize about the downstream height and write h = h ∞ + h, where h h ∞ . Then according to a standard WKB analysis (see, for example, Tuck & Schwartz 1990) , 19) as x → ∞. The two exponentially growing modes, which represent capillary waves, are ruled out on physical grounds, so that C 2 = 0 and C 3 = 0, and leaving only C 1 to be determined. Thus, we see that the downstream condition h → h ∞ accounts for two boundary conditions in the third order Landau-Levich equation (2.6). This completes our derivation of the governing equations and boundary conditions. Table 1 . A summary of the equations and boundary conditions of the 9th order elastic pinned problem with eigenvalue h∞.
Unknowns Equations Boundary conditions
H(x), h(x), h∞ B 5 H (5) − δ 3 H (3) = 6(H − 2h∞)/H 3 δ 3 hxxx = 3(h∞ − h)/h 3 [1] H(0) = 1 [2] H (0) = 1 [3] B 5 H (4) (0) = p0 [4] H(1) = h(1) [5] H (1) = 0 [6] B 5 H (1) − δ 3 [H (1) − h (1)] = 0 [7] B 5 H (4) (1) = δ 3 h (1) [8,9] h → h∞ as x → ∞
Remarks on the governing equations
A summary of the system of the two governing differential equations for the unknown plate profile, H(x), fluid free surface, h(x), and far-field height, h = h ∞ is given by Table 1 . In total, the system consists of the fifth-order plate equation and third-order fluid equation, so combined with the unknown eigenvalue, h ∞ , we expect nine boundary conditions. These nine boundary conditions consist of: [1, 2, 3] fixed height, zero moment, and reservoir pressure at x = 0; [4, 5, 6, 7] continuity of height, zero moment, continuity of shear and pressure at x = 1; [8, 9] far field conditions as x → ∞.
Although we chose to derive the governing equations and boundary conditions using local force and momentum balances, we note that it is also possible to use a variational approach. Using the small deflection and thin film approximations, we see that the equilibrium position of the plate should extremize
It can then be verified that the same equations and boundary conditions in Table 1 can be derived if we seek require that the variation dE/ dα is zero. Finally, in the statement of the moment-free condition, we indicated that it is not obvious that (2.15b) guarantees that the elastic plate is in rotational equilibrium. Although the conditions emerge naturally from application of the variable principal above, we can directly verify the moment calculation about x = 0. This is given by a pressure contribution and a contribution from the surface tension forces,
where d is the moment arm distance-that is, the perpendicular distance from (0,H 0 ) to the line parallel to the tension force in Figure 2 . For small deflections of the elastic plate, this distance is Finally, substitution of the pressure and boundary conditions indeed verifies thatM 0 = 0.
Numerical method
We numerically solve the system in Table 1 using finite differences and collocation, and explore the solution space using numerical continuation. It is often the case that finding an initial solution (or continuing a solution near singular limits) is difficult, and so we have either used the asymptotic predictions of TWS (for B = 0) or the later asymptotic results of Secs. 4 and 5, to obtain the preliminary solution.
For a given value of δ, B, and p 0 , the fifth-order boundary value problem for H(x) in (2.12) is solved with h ∞ as an unknown eigenvalue. However, imposition of the six boundary conditions [1] [2] [3] [5] [6] [7] in Table 1 requires values of h (1), and h (1). Thus within each iterate for solving the boundary-value problem, we must compute the Landau-Levich equation (2.6). To do this, we begin from an initial height of
where ε is a small number (ε = 10 −12 in most computations). Using the exponentially decaying behaviour in (2.19) to provide values of the first and second derivatives, we solve the Landau-Levich equation in the negative x direction as an initial value problem, stopping once h =Ĥ(1) ≈ H(1) is reached (note that at this point, H(1) is only known approximately as an intermediary value of the boundary-value iteration). Once the Landau-Levich equation has been solved, the approximate values of h (1) and h (1) can be collected, and the system is closed (with six boundary conditions for the fifth-order plate problem). An example of a numerical solution for positive pressure, p 0 = 1, is shown in Figure 1 , and an example for negative pressure, p 0 = −0.5, is shown in Figure 3 .
Asymptotic analysis of large and small plate rigidity
In this section, we are interested in studying the system in Table 1 for fixed values of the inverse Capillary number, δ, and in the limit of large (B → ∞) and small (B → 0) plate rigidity. Although the limit of small rigidity has no analogue with our previous TWS work on rigid plates, we would expect that in the limit B → ∞, we are able to recover the result when the plate elasticity is ignored altogether. While this turns out to be the case, the more interesting phenomena is how the addition of non-zero (but small) elasticity affects the underlying equilibrium configuration.
4.1. The rigid plate limit, B → ∞ In the limit B → ∞, we assume there are no boundary layers (notably at x = 0 and x = 1), and expand the free surfaces as
and
At leading order in (2.12), using H 0 (0) = 1 and H 0 (0) = 0, we obtain the rigid plate,
where α is constant. What is somewhat curious is that in order to obtain the values of α and h ∞ , the moment and force balances must be applied at O(1/B 5 ) and using the H 1 (x) correction. This is interesting because in the rigid formulation, the curvatures (and all higher derivatives) are identically zero, but for the elastic formulation, these higher-order derivatives become and essential for properly satisfying the boundary conditions.
At O(1/B 5 ) in (2.12), the first-order solution satisfies
where we have also expanded the far-field height
We integrate (4.3) from x = 0 to x = 1, and use the moment free (2.15b) and pressure (2.18) boundary conditions to obtain a leading-order shear constraint, defined by
after rearranging, where we have introduced the notation
In fact, the shear condition (4.5) was obtained in Trinh et al. (2014b) (their eqn (2.15)) but with our H 0 (x) replaced by the full H(x) for the analogous study that ignores elasticity. Thus (4.5) is a leading-order shear constraint,
z . Since there are two remaining unknowns, α and h ∞0 , to be determined at O(1), we expect to complement (4.5) with an additional equation expressing a moment balance. We integrate (4.3) three times and use the zero moment conditions (2.15b) to obtain after rearranging
Setting x = 1 in (4.7), reversing the order of integration, and applying the boundary conditions (2.17), (2.18), and the rigid form (4.2), we obtain a leading-order moment constraint defined by In summary, this demonstrates that the B → ∞ limit is nearly the same as the formulation where elasticity is entirely ignored, but the two formulations is that when elasticity is included and 1/B = 0, the plate is not quite flat, but is gently curved with O(1/B 5 ) curvature. The determination of the final two components, {α, h ∞0 }, requires the solution of the third-order Landau-Levich equation (2.6), subject to two infinity conditions ([8, 9] in Table 1 ), the continuity condition h 0 (1) = H 0 (1) = 1 + α, and the two force conditions (4.5) and (4.8). Although this can be done numerically, asymptotic formulae in the limits of δ → 0 and δ → ∞ were derived in Trinh et al. (2014b) . For instance, in the limit δ → ∞, α ∼ p 0 − 6 3 1/3 δ 2 and h ∞0 ∼ 1 + p 0 − 6 3 2/3 δ , (4.9)
while the limit of δ → 0 is more complicated due to the existence of possibly more than one unique solution due to the effects of the reservoir pressure, p 0 . In Figure 4 , we present the far-field thin film height, h ∞ , as a function of δ for values of B ranging from B = 0.1 to B = 1. It can be seen that by B = 1, the curve is nearly identical to within visual accuracy to the B → ∞ limit computed using the full numerical solution of the rigid formulation.
4.2. The flexible plate limit, B → 0
We now study the limit in which the ratio between bending stiffness and viscous effects tends to zero. In fact, an asymptotic analysis of this regime turns out to be quite useful because the numerical solution of the governing boundary value problem is increasingly stiff as B → 0. We would like to expand the (outer) solution as
with similar expansions for h ∞ ∼ h ∞0 and h(x) ∼ h 0 (x). The leading-outer equation for the plate, from (2.12), is
and so we need to provide four boundary conditions at x = 0 and x = 1. Somewhat surprising, though, is a rather complicated boundary layer structure in the singular limit. We will begin by considering the simpler case of zero imposed reservoir pressure, p 0 = 0, and then return to the case of general values of p 0 in Sec. 4.2.5. When p 0 = 0, it can be verified from the numerical profiles that there is no boundary layer at x = 0, and thus we can apply H(0) = 1 and H (0) = 0. The remaining three conditions must be selected from amongst [3, 5, 6, 7] in Table 1 , and our challenge is to determine which ones. As it turns out, the outer solution, valid away from x = 1, is coupled to inner solutions near x = 1 via three boundary layers.
The full plate equation involves contributions from the plate rigidity, surface tension, and pressure. We write
We define the following regions and asymptotic balances:
In the outer region, surface tension balances the contribution from pressure forces. Moving towards the inner layer, and x → 1, as the first boundary layer (Region I) is encountered, surface tension begins to dominate; in the middle boundary layer (Region II) surface tension and elasticity balance; and in the innermost layer (Region III), elasticity dominates.
Before we present the analysis, we present in Figure 5 typical profiles of H (x) computed from the numerical solutions of the full system. The reason for examining the curvature of the plate (rather than H or H ) is that the boundary layers only appear in the leading-order terms of the second and higher derivatives. Crucially our numerical intuition indicates that H(x), H (x), H (x) are bounded and non-zero as B → 0, (4.13)
for fixed values of δ and fixed x ∈ (0, 1). Based on the figure, we see that although the zero-moment condition (2.15b) requires H (1) = 0, the leading-order solution in the bulk has a curvature that approaches a non-zero value as x → 1. Our principal task is to derive the effective value of the curvature to be applied to the outer solution, as marked by the dashed line in Figure 5 . 
Region II: balancing elasticity with surface tension
We begin in Region II, where the elasticity effect 1 balances the surface tension contribution 2 . Solving the leading-order equation
14)
where A andÂ are constants (possibly dependent on B and δ). We intuit thatÂ = 0, as this suppresses the unmatcheable exponential growth. Integrating once yields
where C is constant. However, note from the assumption (4.13) that the curvature is bounded and non-zero, and so A and C = O(B −5/2 ). We therefore re-scale the constants and write (4.15) as
In Region III, we assume the scaling (1 − x) = B α s for α > 5/2 and s = O(1). Thus if we take x from Region II to III, then within the exponential argument, (1 − x)/B 5/2 = B α s/B 5/2 , and this quantity must be small. Consequently, we may expand (4.15) as follows:
By the moment free boundary condition (2.15b), we require H (1) = 0. We will make the assumption (which can be verified a posteriori ) that this applies even for the inner limit of the Region II solution, and thus
Proceeding in the other direction, and expanding (4.15) from Region II to Region I, we find that
once we have made the substitution (4.18). Thus the curvature is effectively constant to all algebraic orders, and it is precisely this constant,C = −Ã/δ 3/2 , which is shown as the dashed line in Figure 5. 
Region I: surface tension dominates elasticity and pressure
In Region I, we have δ 3 H xxx 1, which gives H I xx ∼ constant. This solution must match with (4.19), so the constant must be equal to (4.18), and thus 
1, and so integrating
By the moment free condition (2.15b), H xx (1) = 0, and thus we needC = 0. Based on the H II → III limit of (4.17), we argue that the solution in Region III cannot diverge quadratically as x moves away from x = 1, and consequently,Ā = 0. Then we match 
Summary and final matching
At this point, we have the following solutions:
We now apply the remaining boundary conditions. First, since B 5 H (1) = O(B 5/2 ) according to the solution in Region III (or II), the tension condition in (2.17) reduces to (4.24) at leading order. Thus, as B → 0, and the rigidity tends to zero, the plate and water surface should be tangential at contact. The pressure condition (2.18b), applied to the inner limit of the solution in Region II (4.23b) indicates that 25) and thus we have determined the last constant,
Substitution of this value ofÃ into (4.23a) gives the effective curvature to be applied as a boundary condition on the outer problem: H xx (1) = h xx (1). In summary, in order to determine the leading-order outer solution in the B → 0 limit, we solve the outer boundary value problem
in the following way: first, a value of {h ∞ , H(1)} is used as a starting guess. The LandauLevich equation (2.6) is solved from a large number, x = x max , with h near its far field height, and the integrator is stopped once h = H(1). At this point, we solve the third-order boundary value problem (4.27a) subject to three (of the five) conditions of (4.27b) and (4.27c). The shooting algorithm is then repeated to converge to correct values of {h ∞ , H(1)} in order to satisfy the remaining two conditions. It is a curious fact that the effective boundary conditions on the outer problem, (4.27), impose the constraint that the elastic plate, H(x), and the free surface, h(x), are continuous in their profiles, derivatives, and curvatures, and so together, behave very similarly to a continuous free-surface fluid. However, we should recall that the equation for H(x) imposes a zero-slip condition on the free surface, whereas the velocity profiles for h(x) will slip at the free boundary. Additionally, the interpretation of the elastic plate as continuously attaching to the fluid is only true of the outer profile, as is clearly shown in Figure 5 . In particular, there will indeed be a rapid variation in the curvature of the elastic plate from its non-zero effective value (proportional to the curvature h (x)) and the zero value required for the moment-free constraint. 4.2.5. Modification for p 0 = 0 Now that we have understood the boundary layer procedure, we see that the introduction of Regions I and III is not strictly necessary in order to derive the effective boundary conditions on the outer problem. This is because the solution in Region II contains the information for all three boundary layer regions, and in fact, the boundary conditions exactly at x = 1 can be applied directly to II. The crucial quality that allows for this is that the terms that change balance between I, II, and III are exponential in nature.
With the introduction of p 0 = 0, another boundary layer (or rather, three new layers) must be introduced at x = 0. Using the same naming convention for the three regions, the solution in the intermediate region, which consists of the dominant balance
where, like in Sec. 4.2.1, we have scaled the constants a 1 and a 2 so that the curvature remains non-zero as B → 0. Next, matching with the innermost solution, II → III requires that H xx (0) = 0 for the hinged plate. Thus a 2 = −a 1 /δ 3/2 . The last step is to apply the pressure condition (2.18a), requiring B 5 H (4) (0) = p 0 ; this gives a 1 = p 0 /δ 3/2 , so the final intermediate solution is
and we observe that the effective curvature to apply to the outer solution is −p 0 /δ 3 . This completely determines the problem, and we are left with the effective outer 30c) which are solved similarly to the set (4.27). Numerical solutions are shown in Figure 6 , and indeed we observe that the outer curvature H xx tends to non-zero constants at either end of the interval.
problem:
−δ 3 H xxx = R(H; h ∞ ), (4.30a) H(0) = 1, H xx (0) = − p 0 δ 3 , (4.30b) H(1) = h(1), H x (1) = h x (1), H xx (1) = h xx (1),(4.
Asymptotic analysis of slow and fast plate speeds
In this section, we examine the limits whereby the inverse capillary number, δ 3 = γ 3 /µU = 1/Ca tends to zero or infinity. Based on the analysis for the rigid plate in TWS, we understand that in the limit δ → ∞, this corresponds to very slow motion of the bottom substrate where both the plate and the fluid uniformly tends towards the configuration with uniform height. In contrast, the limit of δ → 0 encapsulates the situation of a very fast motion of the bottom substrate, which causes the fluid to be uniform nearly everywhere except within a boundary layer at x = 0. In this section, we find that this description of the equilibrium configuration still holds for flexible plates, B = 0, but like in Sec. 4, the elastic effects will introduce additional boundary layers near the plate edges, which are crucial for the matching process (and the eventual determination of the far field height, h ∞ ). 5.1. The limit δ → ∞ (slow substrate motion and/or strong surface tension)
In the limit that δ → ∞, it can be verified that both the plate, H, and free-surface, h uniformly tend to unity. We then expand
Like in the analysis for variable B, we are interested in developing a uniformly valid solution for the plate curvature, H xx , which is expected to be composed of two inner regions near the boundaries, H left xx and H right xx , and an outer region, H outer xx . Also like the previous analysis, if the reservoir pressure is zero, the boundary layer on the left may not be necessary. Let us consider the case of p 0 = 0.
We first consider the outer region. Using H and h ∞ ∼ 1 and assuming a dominant balance between the surface tension 2 and pressure term 3 , we find that δ 3 H (3) ∼ 6 or
for constant d, and where the outer region is restricted to fixed values of x ∈ (0, 1). Notice further that we no longer assume that the curvature is O(1) in the asymptotic limit, as we had done in (4.13).
In the left boundary layer, we seek a balance between the elasticity 1 and surface tension 2 terms of (4.12), and thus require a boundary layer of size x = O(δ −3/2 ). Solving
, and using the moment free condition, H xx (0) = 0, we obtain
for a constant, D. In order for this curvature to match the outer curvature (5.2), we take xδ 3/2 → ∞ and thus require D = d. Moreover, imposing the pressure condition (2.18a) yields D = p 0 .
It remains to determine the curvature, H right xx , near x = 1. We introduce a boundary layer of size x = 1 − O(1/δ 3/2 ) and balance the elasticity 1 and surface tension 2 terms of (4.12). Imposing the condition that H xx (1) = 0 yields 4) where the constant G = (6 − d) = (6 − p 0 ) once H right xx is matched to H outer xx . Thus, we conclude altogether that
(5.5)
The asymptotic solutions are shown against the numerical solutions in Figure 7 for values of δ = 1, 10, 100, 800. We have plotted δ 3 H xx in order to remove the algebraic dependence on δ. The dashed profiles are formed by combining the asymptotic predictions in the three regions.
With the curvature of the plate entirely determined, we are free to proceed similarly to TWS and study the Landau-Levich equation (2.6) in the limit of δ → ∞. In this limit, the deflection from h ∼ 1 for finite x is exponentially small in δ, so it is better to seek a re-scaling near the plate edge, x = 1. Setting x = 1 + δX, we substitute
into the re-scaled Landau-Levich equation
Solving the equation at O(1/δ), we set two integration constants to zero to remove the exponentially growing modes (see [8, 9] in Table 1 ), and match the free surface to the plate h 1 (X = 0) = H 1 (x = 1) where H 1 is from the series expansion (5.1). Written in terms of x, this yields
However, note that comparing the expanded form (5.1) to the solution (5.5), we observe that the O(1/δ) contribution to the plate is identically zero H 1 ≡ 0, and thus the free-surface correction in (5.8) only depends on h ∞1 . Consequently, (5.8) yields an expression for the leading-order free-surface curvature near the plate edge, given by h xx (1) ∼ −3 2/3 h ∞1 /δ 3 . The normal load at the edge of the elastic plate is B 5 H (5) (1) ∼ (p 0 − 6)/δ 3 , which follows from (5.5). Finally, the fluid pressure and plate load are related through (2.18b). Solving for the far field height gives 9) which is verified in Figure 8 . 5.2. The limit δ → 0 (fast substrate motion and/or weak surface tension)
In the limit δ → 0, the plate uniformly tends to unit height, H ∼ 1, while the downstream fluid tends to h ∼ h ∞ ∼ 1/2, except near the plate edge where the free surface rises rapidly to match the plate. In terms of the analysis for the elastic plate, the principal difference between the δ → 0 limit here, and δ → ∞ of Sec. 5.1 and B → 0 limit of Sec. 4.2 is that for the case here, the δ → 0 limit is regular, and there are no boundary layers in the plate.
We can then expand
At O(δ) in (2.12), we find 12a) for constants C j . The six values {C 0 , . . . , C 4 , h ∞1 } can be solved by imposing the six limiting boundary conditions
The only unknown in the above set of boundary conditions is the value of h 0xx (1). This value can be found by numerically solving the Landau-Levich equation (2.6) beginning with initial conditions at large values of x, and stopping once h(1) ∼ h 0 (1) = 1 is reached. Based on the results in TWS, the value is approximately
In the left frame of Figure 9 , we display the asymptotic values of h 1∞ for p 0 = {0, 0.1, −0.1}, calculated using the above approach. Note that the solution that corresponds to p 0 = 0 looks to be regular as B → 0, but solutions for non-zero pressure, p 0 diverge in the same limit, and this was similarly observed in the previous work TWS. In the right frame of Figure 9 , we compare the asymptotic δ → 0 two-term prediction using h ∞ ∼ 1/2 + δh ∞1 with the full numerical solution at δ = 0.1 and δ = 0.01 and for pressure p 0 = 0. It is confirmed that the fit is very good, and by δ = 0.01, the curves are nearly visual indistinguishable on the graph.
The one regime we were not able to resolve concerns the increasingly rapid oscillations that are observed in Figure 9 when both δ → 0 and B → 0. In the analysis leading to asymptotic prediction (5.12), B was assumed to be fixed while δ → 0. However, we note that the solutions that correspond to (afterwards) setting B → 0 have H 1 (1) → −∞, and are thus inadmissible as soon as H 1 (1) exceeds O(1/δ) in magnitude. This suggests there exists a distinguished limit with δ = B → 0.
Example of solutions in this limit are given in Figure 10 for the case of p 0 = 0, and give values of B. We observe is that as δ, B → 0, H(x) exhibits a series of maxima and minima, for which the main maximum moves closer towards the boundary at x = 1 in the singular limit. The behaviour of these ripples seems to parallel those observed in the analysis of Wilson & Jones (1983) , Snoeijer et al. (2008) and Benilov et al. (2010) , but we shall leave this particular special limit as an open problem.
Discussion
We have presented an asymptotic and numerical analysis of a mathematical model for a pinned elastic plate interacting with a thin viscous fluid film, as the system is forced by a moving bottom substrate. Four asymptotic limits were studied: the limits of large and small plate elasticity, and the limits of small and large Capillary numbers. With the exception of small elasticity, B → ∞, where the plate tends to a rigid solid, the remaining three limits require matched asymptotic expansions order to perform incorporate the singular effects at the edges of the plate. The emergence of such boundary layers are often the culprit for non-convergence of numerical solutions, and we expect that this behaviour is generic in studies involving highly flexible plates interacting with thin films. We note that there are numerous connections between the third-order Landau-Levich equation (2.6), which is commonly encountered in the modeling of coating flows, and what we introduced as a fifth-order Landau-Levich-like equation (effectively a beam equation but with Reynolds equation embedded within to provide the fluid flux and pressure). Thus, many of the asymptotic and numerical properties that are used to study the Landau-Levich equation share a correspondence with the properties of the elastic equation. A clear connection, for instance, exists between the development of an apparent curvature in the B → 0 and δ → ∞ asymptotics for the outer solution (see Figures 5-7 ) and the analysis of moving contact lines, where the goal is to develop an apparent or macroscopic contact angle (Dussan V. & Davis 1974; Hocking 1981; Ren et al. 20-) , related to an inner region near the singularity.
In regards to further research on the particular pinned plate problem presented in this paper, we note that it remains an open problem to characterize the global bifurcation structure of the solutions. As noted in the introduction, the nonlinearity of the associated differential equations is often accompanied by non-uniqueness of the solutions, and the existence or non-existence solutions was discussed in Moriarty & Terrill (1996) , and also the rigid analysis of our previous work TWS. Rigorous results can be established for the case of a rigid plate (as was done in McLeod 1996), but for the convoluted boundaryvalue system we have presented here, the analogous theory remains unresolved. The non-uniqueness of the fifth-order Landau-Levich-like beam equation (though uncoupled from another thin-film equation) was also noted in the work of Dixit & Homsy (2013) .
There are two interesting directions we highlight for more general future work. The first variation of our problem is inspired by the work of Seiwert et al. (2013) , who studied the problem of a vertically clamped plate, used within the blade-coating system illustrated in Figure 11a . For such geometries, it may not be possible to assume a weakly deflected Figure 11 . Two example flows with free contact points, x = a and x = b, which must be determined as part of the solution. Vertically clamped plate (left) and horizontally clamped plate (right), held stationary while the bottom substrate is moved at a constant speed.
plate from the horizontal (x-axis), but linear plate theory can still used as a function of the plate's arclength. Alternatively, one can consider (Figure 11b ) a configuration of a horizontally clamped plate, which will be more similar to the theory we have presented in this paper. Note that in order to preserve the applicability of lubrication theory, it must be assumed that the plate is sufficiently flat during contact. Moreover, a particular challenge in studying such configurations is due to the upstream connection point being a priori unknown and having to be solved as part of the solution.
The second direction we highlight for future work concerns an extension of the pinnedplate problem to the study of plate-fluid interactions where the underlying substrate is curved. This direction has a great deal in common with the contact lens models that had motivated the freely-floating blade problem in our earlier work TWS. The theory of thin film flows on curved manifolds is not as well developed as for flat surfaces [though c.f. Myers et al. (2002); Howell (2003) ; Jensen et al. (2004) ; Trinh et al. (2014a) ], but we have been intent on studying the effects of variable substrate geometry on the type of elastocapillary flows studied in this paper. Work on this topic is ongoing.
